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Analytical solutions have been obtained for a type of variable-lift modulation applicable
to a lifting body entering the atmosphere from superorbital and orbital speeds. The variable-
lift modulation analyzed here results in nonoscillatory trajectories and achieves a smooth
transition into a nominal glide phase such as constant flight path angle, constant altitude,
constant dynamic pressure, or any other glide desired. Simple closed-form formulas were
derived which permit quick estimation of 1) the peak deceleration and the altitude where it
occurs, and 2) the required lift modulation necessary for any set of prescribed transition condi-
tions. These approximate formulas show the explicit dependence of trajectory quantities in
terms of re-entry conditions, vehicle aerodynamic characteristics, and parameters defining the
lift modulation. It can be shown that the analytical solutions obtained in this report in-
clude the constant lift-drag solutions obtained by Lees, Hartwig, and Cohen in the orbital
case and by Ting and Wang in the superorbital case. Furthermore, in the case of variable lift,
this report deals with a continuous lift modulation program instead of a stepwise change
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of lift-drag considered by Lees. Hartwig, and Cohen.

Nomenelature

A = reference area, ft?

Qij = coefficients

Cr = lift coefficient

Cp = drag coefficient

Cpe = gero-lift-drag coefficient

Cr = total force coefficient (C'z2 +4- Cp?)!/?

F,Fy,F; = abbreviations, Eq. (20)

f = (X*"/Crg

G ~ = deceleration load, ¢’s

g = gravitational acceleration, 32.2 ft/sec?

h = altitude, ft

k = lift-drag polar parameter, Eq. (9)

Ky, K3,K: = constants, Eq. (47)

m = mass

n = lift parameter, Eq. (11)

q = dynamic pressure, psf

R = mean radius of earth, 2.092 X 107 ft

4 = time, sec

14 = velocity, fps

Ve = npear-earth circular satellite velocity, 25,750 fps

w = weight, lb

X = transformed independent variable, Eq. (5)

Y = (1/8R) In(X/XE)

V4 = abbreviation for {[Cra(Cpp)"}?

8 = atmospheric density decay parameter, 0.403 X 10~¢
ft—!

-9 = flight-path angle, positive below local horizon

P = atmospheric density, slugs/ft?

pr = reference density, 1.9 X 10~3slugs/ft?

¢ = lift parameter, Eq. (11)

Subscripts

0 = fory=0

1 = at end of transition phase for transition into con-
stant flight-path angle glide or constant altitude
glide

2 = at end of transition phase for transition into con-
stant dynamic pressure glide

Superscript

* = refers to peak deceleration
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I. Introduction

N analysis using a continuous variable lift program is
described in this paper. The analysis treats only the
initial portion of the trajectory, ie., before pull-out. The
study was initiated by the need of vehicle design information
for a manned re-entry with lift and drag modulation to achieve
a smooth transition into a nominal glide phase from the initial
plunge. As a re-entry vehicle plunges into the earth
atmosphere at high speeds, it normally follows an oscillatory
trajectory when the aerodynamic coefficients are held con-
stant. Under this circumstance, it is not possible for the
vehicle to get on any glide phase smoothly without varying
C; and Cp. Lift and drag modulation, therefore, becomes
necessary. Two important features of lift modulation are
studied in this paper: 1) the peak deceleration during re-
entry with lift modulation and the altitude where it occurs;
and 2) the requirements on the lift program to achieve a
smooth transition. The lift program studied here is repre-
sented by the relation €z = Crp — (X", where X is a trans-
formed variable proportional to the atmospheric density,
¢ and n are lift parameters, and €'z is the lift coefficient at the
point of entry. Such a lift program can be used to approxi-
mate most, if not all, lift programs. The drag coefficient is
assumed to vary with X through a parabolic lift-drag polar.
Approximate solutions to the trajectory are obtained by a
series approach and are applicable to both the orbital and
superorbital re-entry. The results provide a reference
framework for further parametric study of optimization using
computers.

1I. Equations of Motion and Lift Program

In studying the motion of hypervelocity vehicle entering
the earth atmosphere, the vehicle can be treated as a point
mass if stability is not to be investigated. In addition, the
following assumptions can be made without introducing ap-
preciable errors. These assumptions are small flight-path
angle such that sinf =~ 6 and cosf =~ 1, nonrotating earth,
small variation of altitude relative to the radius of the earth,
and negligible gravitational effect in the direction of the
flight. With these usual assumptions, the equations of mo-
tion of the vehicle in its pitch plane can be written as (see
Fig. 1)

—m(dV/dt) = £pV2ACp 1
—mV(d0/dt) = § pV2AC, — mg[l — (V/V)?] (2
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Fig. 1 Geometry of trajectory

The atmosphere can be assumed isothermal, and the density-
altitude relation is expressed by

p = pe P 3)
Using the relation
dh/dt = =V 4
and a transformed variable,
X = gpe Bh/(BW/4) (5)
Eqgs. (1) and (2) become
(d/dX)(Vo/V)* = (Co/0)(V./V)? (6)

(Vo/V)? = BR X{6(d6/dX) + (3)C] + 1 @

Eliminating (Vs/ V)2 from these two equations, one obtains

do
2 _— _I_ —_ —
+ (] X X2 60X ( ZX) CpfX X +

dCy,
(C’L + X —= X ) = 00X + ﬁ_R Co (8
This equation of motion applies to a re-entry vehicle having
any lift-drag polar and following any lift program. In this
investigation, interest will be confined to a parabolic lift-
drag polar defined by

= Cpo + kCz? ()

The parabolic lift-drag polar closely approximates the aero-
dynamies of a lifting vehicle of simple geometry, operating at
angles of attack below that of (Cr)m. Such a polar lends
to mathematical simplicity with no loss of generality. By
substitution, Eq. (8) reduces to

dé

2
+0X ix

+ 60X < ) — 0X(Cpy + kCL? % +

dX 2

dcCy _ .
<CL+XE(‘> < C’LX+6 )(Cbo‘i‘kCL)
(10)

To solve this equation, one needs to prescribe a lift program.
The generalized lift program considered in this report is a
two-parameter family of variation expressed by

Cp = Cpp — {X» n>0 (11)

It should be noted that the generalized lift program to be
studied here can be made to approximate most variable Cy,
and Cp programs by varying { and n. It also can be reduced
to the special cases of constant Cz/Cp re-entry, re-entry with
constant C'p but variable vertical lift (rolling the vehicle
about the velocity vector), and pure ballistic re-entry.

1 A possible generalization is Cp = Cpo + k1Cr + keCrL2
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The generalized lift program and the resultant trajectory
are extremely useful in studying the transition phase of re-
entry. The transition phase is that portion of the trajectory
which bridges the initial plunge and a nominal glide phase.
The nominal glide phase can be a constant altitude glide, a
constant flight-path angle glide, a constant dynamic pressure
glide, or any other mode desired. The generalized lift pro-
gram permits a smooth transition from the initial plunge and
any of the glide phases. The important information derived
from the present investigation is not that a smooth transition
phase is feasible, but rather what happens to some of the
flight variables during transition. It is this information that
a preliminary designer needs.

III. General Considerations

The parametric lift program, Eq. (11), contains a term of
X=. It would be very nice if one could solve the equation of
motion in the form of a “‘general solution’” with respect to n.
That is to say, one only needs to solve Eq. (10) once, and
the solution can be applied to all values of n. Unfortunately,
this is not possible. - (It will be possible if further approxi-
mations are made.) In view of this difficulty, solutions were
obtained for three values of n, namely, n = %, 1, 2. (See
Ref. 1 for the details.) However, it is worth noting a few
general features of the solution to be sought which are inde-
pendent of the value of n.

Equation (10) is highly nonlinear. A reasonable approach
to its solution would be through the use of a series in X of an
appropriate form. The boundary conditions at entry always
must be satisfied by the solution; they are

0 = 0z 12)
d8/d X must be finite for orbital re-entry, and

df 1 V\2
X ax = BRoa [(‘v:) ‘1] (13)

for superorbital re-entry.

The first boundary condition for both the orbital and the
superorbital cases is obvious. The second boundary condi-
tions are derived from Eq. (7). Close examination of the
governing differential equation and its boundary conditions
reveals that solutions formed by a simple power series in X
would satisfy the boundary condition at the entry point for the
orbital case, whereas a series solution of more complicated
form would be required to satisfy the boundary condition at
the entry point for the case of superorbital re-entry. One
source of clue on the selection of the series comes from the
studies of Lees, Hartwig, and Cohen? and Wang and Ting.?
Their solutions are written below. For the orbital case?

0 = (6z* — CreX)¥? (14)
For the superorbital case?
0 = {6s2 — CrsX — 2Y[1 — (V,/V5)? ]}1'2 (15)8

0 =0z

where
Y = (1/8R) In(X/ X&) (16)

These approximate solutions were derived under the condi-
tion of constant € and Cp. In deriving these, additional
approximation was made in Refs. 2 and 3 by replacing the
velocity in the gravitational term with the entry velocity
Ve. Thus, the solution for the case of variable lift will be
assumed to have the following form:

0 = Za;; XiYi ,7 =0 (17)
The summation sign is understood to be summing on both
tandj.

§ At the time of writing, Wang and Ting published their im-
proved solution,? of which the present authors were not aware.
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Since the representation (17) can be reduced to a simple
power series when the coefficients are chosen properly and
since the case of orbital re-entry can be considered as a special
case of Vz = V,, it becomes obvious that the superorbital
and orbital cases can be treated simultaneously using the
boundary conditions given by Eq. (13). When these bound-
ary conditions are applied to Eq. (17), one has

aw = Oz (18)
an = (1/05)[(V./Vg)? — 1] 19)

All the other coeflicients will be determined from the govern-
ing differential equation. Write Eq. (10) as Fy 4+ Fy = Fy,
where

F
Fy

02(d6/dX) + 02X (d*0/dX?) + 6X(d6/dX)?

®OICL + X(dCr/dX)] — (20)
0X(Cpo + k Cz)(df/dX)
Fy = [@)Cr X + (1/BR))(Cpo + & Cr?)

Such a grouping of terms facilitates the computation of the
coefficients a;; other than those given by Eqs. (18) and (19)
and has no particular advantages otherwise. By substitu-
tion, one obtains

Il

Fy = ZZ2i0 + P)aiOpes X iTste—1 Yitete 4
(1/BRYZZZ[(j + @) + JE + p)1aiitpe0s X
Xitstp—l Yitete—l 4 [1/(613)2] X

Z2Z5(7 —1 4 Qaijay, asXitste—1 Yitita—2  (21)
Fy = ®)ICoz — (n + VX0 X Vi —

(CDE — 2](3;'01,3 X» 4 k§'2X2") X
[2Z%0:0, Xite Yite +
(1/BR)ZZjaijap, Xi*» Yita™l]  (22)

F3; = (Cpr/BR) 4 (3)Cpr C1eX —
[ksCrs? + (3)¢Cop] X1 +
@)k¢? CreXtten — (LkiX1+en —
(2k¢Cre/BR)X™ + (k$?/BR)X* (23)
Since F; does not contain Y7, the coefficients ag; and ay;,
where 7, j = 0, will be determined from F, and F,. Further-
more, X 1Yi(i = p = s = 0) can be found only in F;. There-
fore, ag; can be determined from F; regardless of the type of
the lift program. These coefficients are determined in the
following paragraphs.
Setting 7 = p = s = 0, Eq. (21) becomes

Fi = [1/X(BR)IZZZj(j + ¢ — a0, Yitita™2

Since these are the only terms in the equation of motion
which'involve X ~1¥7, one must have

ZZZj(1 + ¢ — Daoitg oY HHe2 = 0 (29

This equation determines the coefficients ao; in terms of ag,
which has been found in Eq. (19). The following lists the
first few of the ay;:

aes = — (an%/205) aps = (a0®/205%)
a0 = — () (00*/05%) (25)

There is no need to go on any further to identify this particular
series. Combining this series with aq, one has

aw + Zae; Y7 = 0p[1 + (anY/0z) — (ae®/205%)Y? +
(a:*/af2”)Y? — () (a0*/0z9Y* + ... ]
= 0z U) (26)

and
Uy = [1 4+ 2(e/82) Y ]2 if [2(00/0)Y | <1 (27)

For most cases the condition |2(ao/0z)Y | < 1 can be satis-
fied easily.
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Next, one collects terms of X°Y°, and the resultant equa-
tion is
$)Crebe — (Coe/BR)(Vs/VE)? + Oz%an +
(1/BR) (205001010 + 20z%01) +
[1/(BR)?](—6z2anaw + 20zanan + 205%1) = 0 (28)

This equation contains three coefficients aw, an, and a..
Before determining these three coefficients, look beyond the
terms X°Y? and examine what new coefficients will be intro-
duced when terms of XY, X°V2 ., . are collected. It can
be seen readily from F; that, in addition to the previous co-
efficients, a;3 in XY, a4 in X°Y?2, a;5 in XV, and so on will
be introduced. If @i, an, and a1 can be determined before
XY terms are collected, the coefficients a;; can be deter-
mined completely. The problem now is to determine ay,
an, and ay, by the single Eq. (28). Obviously, three un-
knowns cannot be determined by one equation, and addi-
tional conditions must be introduced.

First of all, one sees that, for orbital re-entry, a double-
series solution is not required or, in other words, a;; = 0 when
J = 0. This is easily appreciated by comparing Eq. (14)
with Eq. (15). Putting this condition in Eq. (28), one finds
that for orbital re-entry

ow = —(Crr/202){1 — [2(Cpr/Crx)/BROE]}  (29)

and @ = an = a2 ... = 0. This indicates that, as Vz be-
comes slightly different from Vs, the first three terms in
Eq. (28) still predominate. On the basis of this physical
reasoning, the coefficient ayy for cases of Vg slightly different
from Vg is determined as

Ay = —'(CLE/zoE) X
{1 — [2(Cpr/C1r)/BRO:XVs/VE)?} (29a)

and Eq. (29) is a limiting case of Eq. (29a). It is expected
that Eq. (29a) is valid even as Vz approaches the escape
speed. When ay is s0 determined, Eq. (28) reduces to

(1/8R) [20ranaw + 20r%u] + [1/(BR)%] X
[-GE2 an G0 + 20z an an + 205° 012] =0 (283)

This equation also contains terms of different orders of mag-
nitude. The quantity BR is large; it is approximately 900
for Earth, 900 for Venus, 200 for Mars, and 3600 for Jupiter.
Therefore, 1/8R is several orders of magnitude higher than
1/(BR)2. 'The corresponding terms inside the two brackets
are different by no more than one order of magnitude for
normal values of 8z. For example, one can compare — fz®
ao @y with 20zae; a0, and the ratio is of the order of 8z, which
is normally about 0.1 for Vz = 36,000 fps re-entry. There-
fore, it is quite reasonable to conclude that the terms involv-
ing 1/BR are of higher order of magnitude than those in-
volving 1/(BR)2%. By this physical reasoning, separate Eq.
(28a) as follows:

20ra0010 + 205%an = 0 30
—Or%anan + 20ranay 4 205%, = 0
and the solutions are
az = ($)(an/08)%0  (31)

With the coefficients a0, @i, and a;, determined, the others
of a;; can be determined as just mentioned.

Under one re-entry condition, however, the coefficients
a,; take simple forms, and that is when

(Cos/BR)(Vs/VE)? K (3)Crabe (32)

Such a condition can be satisfied for nominal superorbital re-
entry; for instance, a vehicle enters the earth atmosphere
at Vg = 36,000 fps, O = 60, and CLE/CDE = 1; condition

an = ~(ao/0x)aw
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(32) reads 0.0012 « 0.1. Assuming condition (32), Eq.
(29a) becomes

aypy = — (CLE/20E) (33)

The coefficients a;; and a;» remain the same as given in Eq.
(31). When the terms of X°Y1, X°Y2, ... are collected and
solved for the unknown coefficients, one obtains

a3 = — (1?;‘5)(%1/ 0x)3%a10 iy = (:%5) (@0/0r)'are  (34)
It is seen readily that a,;X Y7 also form a particular series, and
itis
a1, XY = anX|[1l — (60/08)Y + ($)(001/05)?Y? —
(&) (an/08)°Y® + *F)(an/08)*Y* + ... ]

= @mpX U, (35)
and

Us = [1 + 2aa/00)Y172  if  [Qa/60)Y| <1 (36)

Thus, the basic series for § becomes

0 = 0zU; + axXU; + higher order terms determined
by specific lift program (37)

The corresponding (Vg/V)? series is

(Ve/V)t =1 4 (Cps/0x)X + higher order terms
determined by specific lift program  (38)!l

Since the coefficients an and ay are functions of the entry
conditions only, the leading terms in both Eqs. (37) and (38)
are independent of the lift program. This indicates that lift
modulation has little effect on the trajectory at the beginning
of the re-entry. If it is permissible to say that the aero-
dynamics of a re-entry vehicle produces first-order effects on
the initial phase of the trajectory (before pull-out), lift and
drag modulation only produces higher orde: effects. Since
the present lift program in its parametric form can be used
to approximate most lift programs, Eqgs. (37) and (38) are
valid In most cases. They are especially useful for calcula-
tions where first-order approximations are sufficient.

The coefficients ay; will be determined by collecting terms
of X1Y°o X1Y1 X1Y2.... When terms of X1¥?are collected,
the equation contains coefficients asx, ¢x, and as,. Again,
there are three unknowns to be determined by one equation.
These coefficients are determined by exactly the same
method as was used to determine ayp, au;, and ap. After
g0, @21, and age are determined, the rest of ay; are determined
uniquely. When condition (32) is introduced, the a.;X2Y7
also form a particular series. The higher order coefficients
are determined by the same method.

The factor [1 + (2a0/0z) Y] V2 that appears in each term
of the 8 series reduces to unity for the case of orbital re-entry,
since ay; = 0 when Vg = V,. Therefore, simple power series
representations resulted for both 6 and (V,/V)? in the case
of orbital re-entry, whereas only (Vz/V)? has simple power
series representation in the case of superorbital re-entry.

It is worth noting that, when the lift parameter ¢ vanishes
(constant Cr and Cp) and the difference between the centrif-
ugal force and the gravitational force is assumed constant
(i.e., neglecting terms involving 1/8R), the present solutions
for all values of » in the case of |(2a0/6£)Y | < 1 reduce to

0 = 0zl + (200/00) Y]V —
(Cre/200)X[1 + (Qon/05) Y112 —
(Cre¥/80)X2[1 + (200/08) Y]17%2 —
(Cre®/16029 X3 + Qan/00) Y]+ ... (39)

|| The first two terms in Eq. (9) of Ref. 4 agree with the present
solution when the constant C; in Ref. 4 is replaced by —2. The
value of C: was not given in Ref. 4. By expanding ¢/V?in terms
of InV/VE, one obtains €, = —2,
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This case corresponds to a constant Cz and Cp program when
the velocity is assumed constant and equal to Vz. For this
case, Wang and Ting’s solution, Eq. (15), becomes valid. It
readily is seen that the binomial expansion of that equation
yields Eq. (39) for the first four terms.

In the case of orbital re-entry, Eq. (39) reduces to

0 = 0g — (Cre/205)X — (CLe?/808)X?% —
() (Cre®/0:5X3 + ... (40p

For this case, Lees, Hartwig, and Cohen? obtained a simple
solution as given by Eq. (14). Expanding Eq. (14) by the
binomial theorem, one gets Eq. (40) for the first four terms.
This formal reduction serves as a check against the present.
series solutions. Furthermore, the present solutions includ-
ing the 1/8R terms can be used to estimate the error intro-
duced by assuming the difference between the centrifugal
force and the gravitational force constant. To estimate this
error, one can replace the series solution (see Ref. 1 for the
details) by

~ (Cus\ [, 2Cos/Cun)( V.
b=0: {1 <0E2> [1 BROz (VE> :IX +

20/01 {.1/2
<0—E>Yr 1)

[When C; = —2 is substituted in Eq. (10) of Ref.4and pz = 0
is assumed, that equation reduces to the present solution with
the exception of a small term that is proportional to X2
If the X* term is included in the present approximation, the
two solutions approach each other.] This equation is valid
for the constant lift program (¢ = 0). The corresponding
expression of 8 for the orbital case can be obtained by letting
Ve = V,and ap = 0in Eq. (41).

When the lift parameter ¢ is only slightly greater than
zero, the following approximation is valid :

~ (Cus\[, _ 2Cos/Cus) [V,
b= {1 <0E2>[1 5ROz (w) ]X +
2&01 g‘
(E) Y [(n FREy oEZ] x

45C 1z <V3>2] }1/2 '
1 — —— | o Xitn 42)
l: (n + 1)BROz \V=& (42)
The expression of 8 corresponding to Eq. (42) for the orbital
case is readily obtainable.
These equations, Eqs. (41) and (42), will be used in deter-
mining the peak deceleration and the altitude where it occurs

for { = 0 and for small values of {. They also will be used
in studying the transition phase.

IV. Deceleration Load

In this section, the peak deceleration load with lift modula-
tion is studied. The heating problem is not-considered here,
because the heat input to a vehicle is strongly configuration-
dependent, and a general parametric study of heating cannot.
be carried out with a sufficient degree of realism. On the
other hand, the deceleration load can be studied parametri-
cally as long as a lift-drag polar is specified.

The deceleration load due to aerodynamic forces is ex-
pressed by

G = (3)pV*ACR/W = (BR/2)XCr(V/V.)? (43)
The peak deceleration occurs where dG/dX = 0, i.e.,
CpX = 0[1 + (X/Cr)(dCr/dX)] (44)

The total force coefficient Cr decreases as the vehicle
descends according to the present lift program, and 6 is
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positive at peak G. Thus one finds that, at peak G, the
following condition is true:

—1 < (X/Cg)(dCr/dX) <0 (45)

The two limiting cases

(e () - 12

are of interest and also simplify the calculations of X* and
G*. The first limit, i.e., (X/Cr)(dCr/dX) = 0, corresponds
to the case of constant Cr and Cp. The second limit, i.e.,
(X/Cr)(dCr/dX) = —1, corresponds to large values of {.
When { is large, Cr decreases rapidly with X, and the peak
deceleration would occur at a point where the velocity has
not yet decayed appreciably. In this case, the peak decelera-
tion is a result of the increasing density and decreasing total
force coefficient. In the first limiting case, the peak decelera-
tion results from the increasing density and decreasing
velocity.

(X/Cp)(dCr/dX) = 0
For this case, Eq. (44) is reduced to

CoeXo* = 6p* (46)

where Xo* denotes the X value where peak G occurs for the
case { = 0, and 6,* is the corresponding flight-path angle.
The flight-path angle 6 for { = 0 has been given in Eq. (41).
In that equation, the term containing ¥ = (1/8R) In(X/Xr)
makes the computation of X¢* cumbersome. However,
it can be simplified by noting that the critical altitude is
usually in the range of 170,000 to 250,000 ft, where (X/Xz)
is much greater than unity. One can approximate Y by

Y == Ko + KlX + K2X2 (47)

where K, K;, and K, are constants. In the altitude range of
interest, Ky = 0.0073, K; = 7.26 X 107 Xz, K, = —3.85
X 1071 X2 provide a good approximation. By this
approximation, Eqgs. (41, 46, and 47) give

05 + 20panKo + 20500 K Xo™* + 20500, K,Xo*? —
o1 - 2(Cpr/CLz) v 2:|

Bolving this quadratic equation for X,* for the case [2(C DE/

Cix)/BRO)-(V./VE)? <1, one has

M ConXo*(Con/Cur) _

A. First Limiting Case:

Xo* = CpeXo*® (48)

P
4(Cpr/CrLE)?(0x> + 2 K 12
I:l+ ( DE/ LL‘) ( ;2‘5‘ Oran O)Mjl -1 (49)
‘where
M=1-— (20Ea01K2/CDE2)
P =1~ (20sa0K:/Crr)

Note here that the second term under the square root is
usually much smaller than unity. For such cases, Eq. (49)
can be reduced further to

Xo* = (I/CLE) [BE2 + 20an1Ko]/ [1 - (20Ea01K1/CLE)] (50)
For orbital case (an = 0), Eq. (50) reduces to
Xo* = 62/Crz (51)

Comparing Eqgs. (50) and (51), it is seen clearly that, for a
given re-entry condition, the peak deceleration of the super-
orbital case occurs at a higher altitude than that of the orbital
case. Furthermore, X,* in the superorbital case depends
on (K/Crg), which is directly proportional to (W/Crzd),
whereas that in the orbital case is independent of (W/CrzA).
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Since, according to Eq. (38), the veloc1ty may be approxi-
mated by

Ve/V)2 =14 (Cox/82)X (52)
the peak deceleration therefore is obtained from Eq. (43) as

Go* = (BVE*05/29)[1 + (Cre/Cor)?}V? X
[CoeXo*/(0r + CoeXo®)] (53)
where Xo* should be determined either from Xq. (49) or
(50).
For small values of {, the 8 solution has been approximated
by Eq. (42). It can be reduced further to

0 = {0z — CreX + 2000z + [{/(n 4 1)]X He}v2 (54)
for cases of A
[2(Cor/Crz)/BROz] <« 1 and [4kCrz/BR(n + 1)8z] <« 1

Note that these inequalities usually are satisfied by practical
cases of re-entry into earth atmosphere.
The drag coefficient is given by

Cp = Cpg — 2k CreXr + k{2X* (55)

Substituting Eqs. (54) and (55) into Eq. (44) and differenti-
ating the resulting equation with respect to { and then letting
¢ =0, X*= X, and Y* = Y,* one obtains the initial slope
given below:

[2CpeXe*(Cor/CrLr)] +
{1 — [205a0(K1 + K2Xo*)/Crel} X
[(d/dZ)(X*/Xo*)]o = [(CpeXo®)*/(n + 1)] +
4(CDE/CLE) (CDEXo*)1+"(kCLE2/C'DE) -
{n(1 + 2kCor)/2[1 + (Cpe/CLr)?l} (56)
where
Z = ({/Crr)(1/Cpr) (57)

The second term on the right-hand side of Eq. (56) can be
neglected because of the high power in CprX,o*. Therefore,

iz (53)] -

{{Cpe/Crr)"/27(n 4+ 1)] [2CXo*(Cpr/Crr)"]
1— [2(1010E(K1 + K2X0*)/CLE] + 2CDE'X0*(ODE/OLE)

where Xo* can be taken from Eq. (49) or (50). Equation
(58) shows that the initial slope of X*/X,* with respect to
Z(i.e., ¢) is positive for superorbital re-entry but decreasing
with increasing entry velocity. When the entry velocity is
suborbital, the initial slope of X*/X,* remains to be positive
but increases with decreasing velocity. It must be remem-
bered, however, that only suborbital re-entry with an entry
speed close to orbital is being mentioned, because very low
entry speeds usually are accompanied by high entry angles
that violate one basic assumption of this study.

The next quantity to be determined is the initial slope of
(G*/Gv*). By Eq. (43), one can write

(@*/Go*) = (X*/Xo*)(Ce*/Cre) [(1 + b.X0") /(1 + 0. X *25]9)

where (Vg/V)2 =1 4 b, X, with b, = (Cpr/8zr), has been used.
This approximation is acceptable because the velocity at peak
G for small ¢ should be close to that for { = 0, since the value
of V*is not too much different from Vg in any case. Differ-
entiating Eq. (59) with respect to Z and then letting Z — 0,
X*— X,*, and Cp*—> Cgg, one obtains

[(d/dZ)(G@*/Go™) )0 _
(Cpe Xo®)»

8z/(0z + CoeXo™)
(n + 1)[2CpXe*(Cpr/Crr) + 1]

(58)

_ 1+ 2kChrr
1+ (Cpzr/CLr)?

(60)
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In Eq. (60), the first term on the right-hand side is always
less than unity, whereas the second term can be less than,
equal to, or greater than unity because

1+ 2kCor (Cor/C1r)?[l — (2Cpo/Cor)]
1+ (Cpr/CrLr)? 1 + (Cpe/Crr)?
For cases when Cpr = 2Cpy, ie., if the initial angle of

attack is equal to or greater than that of (C1/Cp)u.x, One
must have

=1+ (61)

(1 + 2kCpr)/[1 + (Cpr/CrE)?] = 1 (62)

and, consequently,
[(@/dZ)(G*/Ge™) ] < 0 (63)

For cases when Cpr < 2Cp, the initial slope of G*/Gy* still
may be negative depending on the other entry conditions.
In actual practice, the initial angle of attack can be on either
side of that of (Cz/Cp)max, depending on the type of maneu-
vering desired. It must be remembered that a small amount
of lift modulation may not reduce the peak deceleration if
the initial angle of attack is such that Cpz < 2Cpy. These
conclusions are applicable equally to orbital and superorbital
re-entries.

B. Second Limiting Case: (X/Cg)(dCr/dX) = —1
The full expression of the total force coefficient is given by
Cr? = Cre? — 2(1 + 2kCpp)Cret X +
(1 + 2kCpp + 4k*CLs®) ((X™)2 —
452 Cru(CX7)® + E2(X™t (64)

where Crz*? = Crg® + Cpz?’. The condition (X/CR) (dO’R/
dX) = —1 therefore is reduced to

1+ (Cos/Cre)* — 2 + n)(1 + 2kCop) X */CrE) +
(1 + n)(1 + 2kCpr + 4k*CLe®) (X */CLE)? —
2(2 + 3n)k*Cre*(§X*/Crs) +
(1 + 2n)k2Cre*(¢X*/Crr)t = 0 (65)

According to the lift-drag polar, one has
kCpe = (Cpr/Crr)*[l — (Cpo/Cpz)] (66)
k2C15® = (Cpp/CLr)?[1 — (Cpo/CpE)]? (67)

Equation (65) can be solved for ({X*»/Crg) in terms of Crz/
Cor, Cpo/Cpr, and n. Denoting ({X*»/Crg) by f*, one has

CoeX* = (f'[L/(¢/Cre)(1/Cop) M = (f*/Z) " (68)

Therefore, for large values of ¢, and when Eq. (50) is used for
Xo* one has

(X*/X0*) = (f*/Z)V*(Crs/Cor) X
[1 - (20E001K1/CLE) ]/ [0E2 + 26Ea01Kg] (69)
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The ratio of G*/Gy* thus is given by

(@*/G*) = (X*/Xo*)(Cr*/CrE) X
[(6z + CoeXo*)/(6z + CoeX*)] (70)

where f* and (Cz*/Crr) are plotted in Fig. 2. It is clear
that both X*/X,* and G*/G,* decrease as Z (and hence {) in-
creases for large values of {.

It should be pointed out that Eq. (65) is quartic, and there
is no guarantee that it has a real root. Under this circum-
stance, the deceleration has no peak for the second limiting
case.

C. Matching of Small { and Large { Solutions

Now that one has computed X*/X,* and G*/Gy* for large
values of ¢ and the initial slopes of these two quantities, the
remaining of the work is to match the two branches of the
solutions. No simple analytic method can be found to do
the matching, and help must be obtained from other sources.
For this purpose, the authors turn to an analog computer
program that also is used for checking the analytical solutions
derived.

The matching of the two branches of solutions is demon-
strated by two sample cases. The first sample case corre-
sponds to orbital re-entry of n = 1, 8z = 6°, (Crz/Cor) =
1, and (Cpy/Cpz) <« 1; and the second sample case cor-
responds to superorbital re-entry of n = 2, 85 = 9°, (Crz/
Coz) = 1, and (Cno/Cpxr) < 1. Both cases have been com-
puted by the foregoing equations and by the analog computer
program. Results are shown in Fig. 3 for the orbital case
and in Fig. 4 for the superorbital case. The analog results
show extremely good agreement with this analysis for both
small and large {. The analog results also indicate a fairly
large radius of convergence for the second limiting case of
large ¢, which makes the matching straightforward. The
characteristics of the matching of these two cases are typical
of all entry conditions.

V. Transition Phase

In this section, the transition phase that bridges the initial
plunge and a nominal glide phase will be studied. The
nominal glide phases considered are 1) constant flight-path
angle, 2) constant altitude, and 3) constant dynamic pressure.
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The transition phase initiates at the entry point and joins
the glide phase at some altitude where the flight and aero-
dynamic variables of the two phases are matched. When
V, 8, C1, and Cp are matched, the first derivatives or V and
0 are matched automatically. This can be seen readily
from Eqgs. (6) and (7). This results in what might be called
a continuous control, although the first derivatives of Cz and
C'» will not be matched. Such a control concept is actually
the common practice in airplane flight.

The matching of the trajectory is carried out only to the
first-order approximation in {. The solutions for § and
(Vi/V)? used in the transition phase are taken to be

8 = [0z* — CueX + 2000Y + ({/n + DX ]2 (71)

(Ve/V)? =1+ (CoeX/0r){1 + (CreX/405?) X
1 + 262(Cps/Crs)] —
[2kCLet X7/ (n + 1)Cpz]}  (72)

where Eq. (72) is obtainable readily from equations given in
Appendix A of Ref. 1.

These solutions satisfy the conditions at one boundary,
namely, the point of entry. The task here is to determine
the lift program (¢ and n) which results in a trajectory that
satisfies the conditions at another boundary, namely, the end
of the transition phase. This additional boundary condition
will be derived from each specific glide phase.

After the required lift program is obtained, it then can be
used in conjunction with numerical integration of the equa-
tions of motion to obtain the other trajectory parameters
needed for the determination of re-entry heating, range
during re-entry, ete.

A. Transition into a Constant Flight-Path Angle Glide

In this case, the vehicle is required to experience just the
right amount of lift modulation to turn into a constant flight-
path angle glide. The constant flight-path angle 8; is as-
sumed to be smaller than the entry angle fz. A constant
flight-path angle glide is defined by

and
3)pV2ACL = mg cosbi[l — (V/V2)?] (74)

Equation (74) is the same as (d6/dX) = 0. The reason for
using Eq. (74) is twofold. First, Egs. (73) and (74) so con-
structed are also the conditions of a constant altitude flight
when 0, is set to zero; thus the solutions obtained here are
applicable also for transition into a constant altitude glide.
Second, one must use the approximated trajectory solutions
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1.0 n=2 Cig =Cpg=08695

K%—MATCHING hg = 400,000 FT o = ANALOG
Q !

\ N RESULTS
1 WHERE X3=0.02 AND GF=15g

ol I
s o8 S-MATCHING CALCULATED BY USING EQ.{50) AND
- (53) RESPECTIVELY, AND CHECKED
g BY ANALOG PROGRAM
T
Z o6

* %
X/ Xqg
o
Y
}
>
\*
x
Ox

g e |
& G;—\D\Q\\

0O 2000 4000 6000 8000 10000 12000 4,000 16000
n

AN
T ee (CDE)

Fig. 4 Variation of the altitude parameter (X*/X,¥) and
peak decéleration ratio (G*/G.*) as a function of the lift
parameter Z; example, superorbital re-entry
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obtained in this paper for the matching of the transition phase
with the glide phase; consequently, use of the approximated
solution of @ to obtain its derivative should be avoided in order
to maintain a reasonable accuracy. Equation (74) also can
be written as

(BRX /2c080))CL = [(V/V)? — 1] (75)

To matech the flight-path angle 6, one has by Egs. (71) and
(73)

6,2 = 0z — CreX: + 2a002Y1 + [{/(n + DIX ™ (76)

where ¥, = Ky + K.X: + K.X,2. Furthermore, Eq. (75)
becomes
(BRX1/2 cos0)(Cre — §X) + 1 =
(Vs/VE')2{1 + (CpeX1/405%) X
(1 + (CreX/46:5[1 + 205(Cor/Crr)] —
[2kCre/(n + 1)Coprl¢ X} (77)

Equation (77) can be solved for { X~ and, with a slight sacri-
fice in accuracy (£3% in {X,»/Crz), one obtains

(Xi/Crg = 0.97 + [1 — (V./V5)?] X
2 cosb/BR(CLeX)] (78)

As far as { and n are concerned, an inaccuracy of 3% is toler-
able. The fact that one is able to make this approximation
indicates that this transition phase is insensitive to %, which
is the characteristic of the lift-drag polar. Consequently,
Eq. (78) can be applied to any lift-drag polar, parabolic or
otherwise. The parameter n is determined by

1 —
n+1"

[ — 20200K:1/Cre)] + (02 — (62 + 20005Y1)]/CreXy
0.97 + [1 — (V./V&)?1(2 cosb/BRCLeX1)

(79)
The limit on X, is

CLEXl > (0132 + 2(1010EY1 - 012)/[1 - (2&0103K1/CLE)(]
80)

because the expression (79) is necessarily positive.

A sample caleulation is given in Fig. 5. The analog results
agree very well with the prediction for small . For large
¢ some deviation is observed, and this is to be expected be-
cause Egs. (78) and (79) are derived for small valuesof {. In
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practice, the constant flight-path angle is always on the low
side, and the present analysis appears to be quite adequate.
For the case of orbital re-entry, Eq. (78) further reduces to

X: = (0.97CLe/{)Vn (81)
Substituting Eq. (81) into (76), one obtains

6,2 = 0z — [(n + 0.03)/(n + 1)] X
(0.97C1e/O)Y"Cre  (82)

Note that the values of X, resulting from Eq. (81) automati-
cally satisfy the inequality

Xi> (0 — 60/Crr (83)

This condition corresponds to the fact that a given flight-path
angle 6, always occurs at a lower altitude with the present lift
program than with a constant Cz and Cp program.

B. Transition into a Constant Altitude Glide

The constant altitude glide is a special case of the constant
flight-path angle glide when 6; = 0. The results of the last
section apply. Because of the practical interest of a constant
altitude glide, it is worked out in some detail.

The equation for the parameter n, Eq. (79), may be re-
written as

052 i |: 2 ] _ [(n + 0.03)] 5
1 — (Vs/VE)? BR(n + 1) (n+1)
[ CLEXI
1 —(V.,/Vg)?
For a given set of values of n, 8z, and Vg the left-hand

side of Eq. (84) is determined. Denote this quantity by C.
Equation (84) therefore is reduced to

C = [(n+0.03)/n+1] X
{CreXi/[1 — (V/Ve)2]} + 27, (85)

Equation (85) is plotted in Fig. 6 in terms of the altitude A,.
For example, given 8z = 6°, Vg = 36,000 fps, Crz = Cpr =
0.695, W/A = 25 psf, Cpy K Cpg, k = 1.44, and choosing
n = 2, one computes C = 0.0228 and

[(n + 0.03)/(n + DI{(W/Crzd) X
1~ (V,/VR)?} ™ = 376 X 1072
One finds from Fig. 6 that h; = 225,000 ft. The correspond-

ing value of ¢ as computed from Eq. (92) is { = 2.12 X 104
The lift coefficient Cz, = —0.16 at the end of transition.

:l + 2Y, (84)
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The transition trajectory has been computed on the analog
computer. The results are presented in Fig. 7.
In the case of orbital re-entry, Eq. (84) reduces to

(n 4+ 0.03)/(n + 1) = 05/CreX, (86)

This equation gives the altitude function X, in terms of n,
8z, and W/Crzd. For example, if the re-entry angle is 4°,
W/CrrA = 50 psf, and n = 1 is chosen, one has CrzX; =
0.0095 from Eq. (86) and X, W /A = 0.475. The correspond-
ing value of &, is found to be A; = 198,000 ft, and the value of
¢ can be computed from Eq. (81) and Cz, from

Cr, = Crg — {Xim 87)

In both the superorbital and: orbital cases, the larger the
value of n, the higher the altitude %, becomes.

C. Transition into a Constant Dynamic Pressure Glide

A constant dynamic pressure glide is defined by

%) oV? = gy = const (88)
In terms of the normalized variables, this equation becomes
(BR/29) (W/A)X = (V/V)2(Ve/V)? (89)

Substituting this condition into Eqgs. (6) and (7), the equa-
tions of motion are reduced to

6 = CoX (90)

(Ve/V)xW/204) — (1/BRX) =
CoX[Cp + X(dCp/dX)] + B)C. (91)

Equations (90) and (91) must be satisfied along a constant
dynamic pressure glide and, therefore, at the point of transi-
tion. In order to have a smooth transition, the trajectory
of the transition phase must satisfy conditions (90) and (91)
at its point of termination, say X, Therefore, the transi-
tion trajectory must be such that at X,

0 = Cp, X (92)
and

(Ve/V9r(W/204) — (1/BRX:) =
Cp,Xs[Cp, + Xo(dCp/dX)z] + ($)Cr, (93)

When the expressions for 8, Cp, and Cy, from Sec. IIT are sub-
stituted into these two equations, they permit the determina-
tion of any two among the four parameters {, n, go, and Xo.
For purpose of illustration, consider the case of roll control.
In this case, the vehicle is rolled about the freestream velocity
vector, thus changing the vertical lift but keeping the angle
of attack constant. It is seen readily that a roll control
program in which the total force coefficient remains constant
corresponds to a special case of ¥ = 0 of the general program.

8- 08F 400, - .
[ Ve = 36,000 FT/SEC  C_g = 0.695
L 6 =6° Cpo =0.004
ok osh Kk =144 n =2 .
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Fig.7 History of a sample transition trajectory, transition
into constant altitude; superorbital re-entry
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Consequently, Egs. (92) and (93) may be reduced to

¢Xr/Cup = 1 — (Vu/V)X(W/20AC18) +
(2/BRCLzXs) + 2C1eXo(Coe/Ce)? (94)

(n 4+ 1) = (Xo»/CLg)CreXe[Cpr?Xe? —
(61)2 — CrzX, =+ 2(1010EY2)]_1 (95)

Parametrically, Eqgs. (94) and (95) may be used to determine
any two among the four parameters {, n, X5, and ¢, when the
other two are prescribed along with a given set of conditions
at the point of re-entry.

An example of the roll control into a constant dynamic
pressure glide from orbital velocity is given in Fig. 8. The
re-entry conditions are 8 = 3°, Vg = V, = 25750 fps,
Crz = Cpr = 075, Cpy = 0.025, W/A = 25 psf. The
transition altitude is 222,000 ft and ¢ = 103 as computed
from Egs. (94) and (95) for n = 1 and ¢ = 82 psf. The
trajectory, as computed by Eq. (71), is given in the A-6 plot,
which clearly demonstrates the characteristics of the transi-
tion phase.

VI. Concluding Remarks

The present series approach to the trajectory solution has
been proved successful for determining the initial portion of a
lifting re-entry trajectory. It not only made the determina-~
tion of the solutions manageable, but it also brought out the
fact that lift and drag modulation exhibits only second- or
higher-order effects on the trajectory. Although only the
first few terms of the series have been determined, they are
sufficient for studying the transition phase and for calculating
the peak deceleration. The lift modulation program con-
sidered here is a general one; it can be used to approximate
most practical lift programs. The general trajectory solutions
include the special cases of constant C/Cp re-entry, roll con-
trol, and ballistic re-entry.

The peak deceleration with lift modulation has been calcu-
lated for two limiting cases: 1) for ¢ = 0 and small ¢, and
2) for large ¢. The case of { = 0 corresponds to constant
(1 and Cp flight. For small {, the initial slopes of G* and
X* have been obtained. For large ¢, the peak deceleration
is primarily a result of the increase of the atmospheric density
and the decrease of the total force coefficient. The results
indicate that the peak deceleration always decreases with in-
creasing amount of lift reduction if the angle of attack at the
point of entry is higher than that of (C1/Cp)m.x. The alti-
tude where peak deceleration occurs, however, first decreases
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Fig. 8 Example of transition into constant dynamic
pressure glide by roll control; orbital re-entry

with increasing lift reduction and then increases. These
predictions have been shown to agree very well with the re-
sults of an analog program.

One of the applications of lift modulation is to achieve a
smooth transition into a nominal glide phase from the initial
plunge. Transitions into three nominal glide phases (con-
stant 6, constant A, and constant ¢) have been studied,
among which the transition into a constant altitude glide has
been worked out in detail. Simple formulas and graphs have
been provided. A smooth transition into constant decelera-
tion glide is also of interest but is not studied here because of
mathematical difficulty. If roll contrel is used, however,
the constant @ glide becomes the constant ¢ glide, and the
results of the latter can be used.
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